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Abstract

We considerthree-dimensionatliscretedynamicalsystem,obtainedby the iteration of a
nonirvertible map of R?, which simulatesthe time evolution of an oligopoly gamewith
threecompetingfirms. The modelis characterizedy the presencef several coexisting
stableequilibria, eachwith its own basinof attraction.In this paperwe facethe question
of thedelimitationof the basinsandthe detectionof the global bifurcationsthat causethe
creationof non-connectetbasins.This requiresa study of the global propertiesof the 3-
dimensionahoninvertible mapby themethodof critical sets basednthedeterminatiorof
thecontactbifurcationsthrougha systematicomputerassistedtudy This requiresthe vi-
sualizationof surfaces(the critical surfacesandthe basins’boundariesyvhich sometimes
are nestedoneinside the other Enhancedyraphicalmethods basedon two-level volume
rendering areemployed in orderto modulatethe opacityof outerobjectssothatthe con-
tactsbetweerthebasins’boundariegndcritical surfacescanbevisualized Thisis obtained
throughtherealizationof ad-hocroutines which allow interactie 3D visualization.

Key words: DynamicGamespDiscreteDynamicalSystemsnonirvertible maps,
ComputerGraphics olumeRendering.

1 Intr oduction

This paperbuilds on, andaimsto contritute to threedifferentliteratures First, it
facesan equilibrium selectionproblemwhich is typically addressedn the liter-
atureon dynamicand evolutionary gameswith several coexisting equilibria (see
e.g.[4,27,10,5])In fact,we considermdiscretedynamicalsystemwhichrepresents
thetime evolution of a Cournotoligopoly gamewith threecompetingfirms (a tri-
opoly game) recentlyproposedn [3], which is characterizedby the existenceof
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severalstableNashequilibria® , eachwith its own basinof attraction.An oligopoly
is a market structurewherea few producerseachof appreciablesize,producethe
samegood, or goodswhich are perfectsubstitutesA Cournotoligopoly model
(see[9]) is basedon the assumptiorthat eachfirm decidesits own productionin
orderto maximizeits expectedprofits,andthe fewnessof firms givesriseto inter-
dependencehatis, eachfirm musttake into accountheactionsof thecompetitors
in choosingits own action, becausesachprofit also dependson the production
decisionof the competitor In the original work of Cournot,aswell asin mary
subsequenpaperssuitableassumption®n the demandandcostfunctionsensure
that a unigueNashequilibrium exists (see[5] for references)However, in mary
economianodelsmultiple equilibriaemegeandstability agumentsareoftenused
to selectamongthem.If several equilibria are stable,thena situationof strateyic
uncertaintyprevails,becauséheequilibriumto whichthedynamicgamecorverges
dependsn theinitial condition. This naturallyleadsto the studyof the basinsof
attraction,in orderto ascertairthe role of the startingconditionsof the dynamic
gamein the selectionof the final outcome.This issueis oftenaddresseth there-
centliteratureon dynamicandevolutionarygameswhereanequilibriumis reached
by a dynamicadjustmenprocessoccurringwhenboundedlyrationalplayersplay
the gamerepeatedlya mechanisnwhichis oftenrepresentedsa discretedynam-
ical system(seee.g.[4], ch.9,[27]). For the particulartriopoly gameconsidered
in this paper the problemstatedabove hasalreadybeenaddressedh [3], where
it is shavn thatcoexistenceof stablesteadystatesoccurswith basinsof attraction
which may be nonconnectedets.As repeatedlystressedn [3], the presenceof
nonconnectetbasinsis peculiarof noninvertible maps,but no attemptshave been
madein thatpaperin orderto explaintheglobalbifurcationsthatcausehecreation
of nonconnectedasins.

This leadsto the secondstreamto which the presentpapercontributes,which is
relatedto the studyof theglobal propertieof noninvertiblemapsby the methodof
critical sets(seee.qg.[14,23,2]andreferencesherein).Indeed,t is now sufficiently
well-known thatthe creationof nonconnectetiasingn one-dimensionaionirvert-
ible mapscanbeexplainedin termsof contactdbetweercritical pointsandbasins’
boundariegalsocalledcontactbifurcations seg[21]). In recentyears,n the study
of two-dimensionahoninvertible maps,analogougesultshave beenobtainedby
the methodof critical curves a two-dimensionalgeneralizatiorof the notion of
localmaximaandminimain theone-dimensionatase(seee.g.[24,23,2]).Instead,
the extensionof thesemethoddo the studyof modelsinvolving three-dimensional
noninvertible maps,lik e the oneconsideredn the presentaper is an almostun-
exploredfield. In this paperwe try to usethe methodof critical setsin orderto

1 In a gamea NashEquilibrium is an optimal choicesuchthat noneof the firms hasan
incentve to deviate, sinceeachplayers stratgy is the bestresponseo the otherplayers’
predictedchoiceslIn the dynamicgameconsideredn this paper wherethetime evolution
of players’choicesareobtainedby theiterationof a map,the Nashequilibriaarethefixed
pointsof themap.



studythe contactbifurcationswhich causeahecreationof nonconnectetiasinsFor
mapsof dimensiongreatethanone,theexplicit analyticalexpressionsin termsof
elementaryfunctions,of the critical sets,andof the basinboundariesnvolvedin
the contactbifurcationsare generallynot known. So, even for two-dimensional
noninvertible maps,the methodsfollowed in the determinatiorof the contactbi-
furcationsare basedon a systematiccomputerassistedstudy carriedout through
a continuousdialog betweenanalytic,geometric,and numericalmethods which
often requirea carefulusageof computergraphics.This createssomenontrivial
practicalproblemswhenonetriesto generalizesuchmethodto morethantwo di-
mensionsIn fact, sincethe computerscreens two-dimensionalthe visualization
of objectsin aphasespace®f dimensiorgreatethantwo, andthedetectiorof con-
tactsamongtheseobjectsastheir shapeshangemaybecomeavery difficult task.
In otherwords,the extensionto higherdimensionakystemf the resultson con-
tactbifurcationswhich gave somary interestingandpromisingresultsin the study
of two-dimensionahoninvertible maps,may becomea very hardandchallenging
task, dueto the difficulties metin the computerassistedgraphicalvisualization.
In [3], two-dimensionakectionsareemployedin orderto visualizethe basinsof
coexisting attractorsput this methodis not usefulto detectthe occurrencenf qual-
itative changesn the structureof the basinsand the contactbifurcationswhich
causesuchchanges.

Thisintroduceghethird topic,concerningheproblemof visualizingobjectswhich

are of higherdimensionalitythanthe screenlndeed,in our casethe problemof

3D visualizationalso involves other difficulties, relatedto the factthatit is nec-
essaryto visualizeobjectswhich are nestednside otherobjects.This meanshat
sophisticatedraphicalprogramsarenecessaryo modulatetheopacityof theouter
objectsin order“to seethrough”them.Moreover, the critical setsare now two-

dimensionaburfacesembeddedhn athree-dimensiongdhasespaceandtheir con-

tactswith portionsof basinboundariesalso given by two-dimensionakurfaces,
may bevery difficult to bedetectedunlesshecritical surfacesarerepresentetik e

semi-transparenteils. In this papersomeenhancedjraphicalmethodsbasedon

two-level volumerendering[15] areemployedin orderto visualizethe attractors
insidetheir basins the portionsof the basinsof which arenestednsidethe basins
of differentattractorsandthe contactdetweerthebasins’boundariesandthecrit-

ical surfacesIndeed therealizationof ad-hocroutineswhich allow interactve 3D

visualization revealsto becrucialin orderto detectthe occurrenceindthe effects
of contactbifurcations.

The remainderof this paperis organizedas follows. In Section2 we recall the
generalnotion of critical setfor a nonirvertible n-dimensionalmap andwe give
a qualitative descriptionof the bifurcationswhich causethe creationof noncon-
nectedbasinsin Section3 we introducea noninvertiblemapwhoseiterationgives
the time evolution of a triopoly game,and we give someresultsconcerningthe
existenceandthe local stability of its fixed points,which representhe Nashequi-
libria of the game.In Section4 we briefly describethe graphicalmethodwhich is



at the basisof the computerprogramrealizedfor the numericalstudy of the con-
tact bifurcationsof three-dimensionahoninvertible maps.In particular we shov
anexemplarybifurcationwhich changeshe topologicalstructureof a basin,from
connectedo nonconnectedet,causedyy a contactbetweenra critical surfaceand
thebasinboundarySuchcontactsarerevealedthroughanontrivial implementation
of interactve two-level volumerenderinggraphicalsoftware.

In this paperwe only give a few images,which are just snapshot®f animated
sequenceeepresentinghe change®f the basinsassomeparameteraregradually
changedlongparticularbifurcationpathsin the spaceof the parameterst-urther
images,aswell asthe whole animatedsequences;an be found at the web page
correlatedo thiswork (see[1]).

2 Critical setsand basin bifur cationsfor n-dimensionalnoninvertible maps

A mapT : R* — R", definedby p' = T'(p), is anonirvertiblemapif it is “many-

to-one”, i.e. distinct pointsp; # p, exist which have the sameimage,T'(p;) =

T(p2) = p'. This meansthat several rank-l preimagesof a given point p’ may
exist, or, equivalently, severalinversemappingsaredefined,beingp; = Tj‘1 (»),

j = 1,...,m. So,the spaceR"” canbe subdvidedinto regions Z, k£ > 0, whose
points have k distinct rank — 1 preimagesGenerally as the point p’ variesin

R", pairsof preimagesappearor disappealsit crosseghe boundaryseparating
differentregions.Hence,suchboundariesare characterizedby the presenceof at

leasttwo coincident(meging) preimagesT his leadsto thedefinitionof thecritical

sets,oneof thedistinguishingfeaturesof noninvertiblemaps[14,23]:

Definition. The critical setC'S of a continuousmap7 is definedasthe locus of
pointshaving at leasttwo coincidentrank — 1 preimageslocatedonasetCS
calledsetof meging preimages

The critical setC'S is the n-dimensionalgeneralizatiorof the notion of critical
value(whenit is alocalminimumor maximumvalue)of aone-dimensionahap?,
andof thenotionof critical curve LC (from theFrench‘Ligne Critique”, following
Gumowski andMira [14]), of anonirvertibletwo-dimensionamap.ThesetC'S_,
is the generalizatiorof the notion of critical point (whenit is a local extremum
point) of aone-dimensionaiap,andof thefold curve LC ; of atwo-dimensional
nonirvertiblemap.Thecritical setC'S is generallyformedby (n — 1)-dimensional
hypersurécesof R", andportionsof C'S separateegions 7, of the phasespace
characterizedby a differentnumberof rank — 1 preimagesfor example Z; and
Z1o (thisis the standardccurrence).

2 This terminology andnotation,originatesfrom the notion of critical pointsasit is used
in theclassicaworksof JuliaandFatou.
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Fig. 1. Qualitative graphicalillustration of the folding (on the left) and unfolding (on the
right) process.

Fromthedefinitiongivenaboveit is clearthattherelationC'S = T(C'S_;) holds,
andthe pointsof C'S_; in which the mapis continuouslydifferentiableareneces
sarily pointswherethe Jacobiardeterminantvanishes:

CS_, C Jy = {p € R*|det DT(p) = 0} . (1)

In fact,in ary neighborhooaf apointof C'S_; thereareatleasttwo distinctpoints
which are mappedby T in the samepoint. Accordingly, the mapis not locally
invertiblein pointsof C'S ;.

In orderto explain the geometricmeaningof the critical sets,let us considera
portion of C'S, sayCS which separateswo regions Z; and Zy,, of the phase
spaceandlet CS_, be the correspondindocusof meging prelmagesg e.CS =

T(CS_,). This meansthattwo inversesof T exist, say7; ' andT, !, which are
definedin the region Z;,» (andhave respectie rangesin the regions R, and R,
separatedy CS_ 1)- BothlnversesmergeonCS (i.e.they give meging preimages
onCS_ 1) andno longerexist in theregion Zy. Now, let U C R* be a ball which
mtersectsC’S L inD =UNCS_,. ThenT (D) C CS, andT (U) is “folded”
alongC'S into theregion Zj,». Referto Fig. 1 for a graphicalillustration. In fact,
consideringhetwo portionsof U separatedby CS_, sayU; € R; andU, € Ry,
we have thatT'(U;) N T'(Us) is anonemptysetincludedin theregion Z ., which
is the region whosepoints p' have rank-1preimages, = 7' (p') € U, andp, =
T, ' (p') € U,. Thismeanghattwo pointsp; € U, andp, € U,, locatedatopposite
sideswith respecto CS_i, aremappedn thesamesidewith respecto CS,inthe
region Z,,. This is also expressedoy sayingthat the ball U is “folded” by T’
alongCS onthesidewith morepreimagesThe sameconcepicanbe equivalently
expressedy stressinghe “unfolding” actionof 7!, obtainedby the application
of thetwo distinctinversesn Z; ., which melgealongc/@’, becauséf we consider
aball V C Z,, thenthe setof its rank — 1 preimages; (V) and T, 1(V) is
madeup of two balls 7} (V) € R, andT, (V) € R,, andtheseballsaredisjoint
if VnCS=40.

Thisisthebasicreasorfor theexistenceof nonconnectetlasinsapropertyspecific
to noninvertiblemaps.We recallthatthe basinof anattractorA is the setof all the



pointsthatgeneratdrajectoriesorvergingto A
B(A) = {z|T"(x) = A as k— +o0} )

If U isaneighborhooaf A whosepointscorvergeto A (whichexistsby definition
of attractor)thenU C B (A), andalsothe pointswhich are mappednsideU after
a finite numberof iterationsbelongto B (A), thusthe basinof A is formedby all
the preimage®f thepointsof U :

BA)=UT7U) 3)

whereT ! () representthesetof therank-1 preimagesf z (i.e.thepointsmapped
into x by T'), andT 7 (x) representthe setof therank — j preimage®f z (i.e. the
pointsmappednto z afterj applicationsof 7).

Now, let usassumehat B (A) is a connectedasinfor a givensetof parameters,
andasaparameteis changed3 (A) hasacontactwith C'S, afterwhichaportionof
B (A),sayBy, crosses’S andentersaregion Z, » with morepreimagesThisim-
pliesthe creationof new portionsof B (A) givenby the new preimaged; " (By),

i = 1, 2. If thesepreimagedelongto regions Z,,, with £ > 0, alsootherportions
of B (A) arecreatedafterthe contact,givenby higherrankpreimageof By,.

To sumup, we may saythatthe backward iterationof a noninvertible map7 re-
peatedlyunfold the phasespace andthis impliesthata basinof attractionmay be
nonconnected,e. formed by several (even infinitely mary) disjoint portions.In

fact,asa suitablesetU in (3), we may take the so calledimmediatebasinof an
attractingset A, B, (A), definedasthe widestconnecteccomponenbf the basin
which containsA. Thenthe basinof A (or total basin)is givenby thewhole setof

preimagesof ary rank,of theimmediatebasin:

o

B(A) = T7(Bs(4)) (4)

k=0

and,from theagumentgyivenabove, it follows thatsucha setmaybe madeup of
infinitely mary disjoint componentsSo, the global bifurcationswhich transform
a simply connectedasininto a nonconnecteane can be explainedin termsof
contactsof basinsboundariesand critical sets As stressedn the introduction,
their studyis generallybasedon boththeoreticalkndcomputationamethodsand,
aswe shallseein theexamplediscussedbelow, thegraphicalvisualizationis often
crucialin thediscovery andexplanationof changesn dynamicscenarioandtheir
parametedependence.



3 Thetriopoly gameandits equilibria

Thetime evolution of thetriopoly gameproposedn [3] is obtainedby theiteration
of thethree-dimensionahapT : (¢, g2, ¢3) — (¢}, g5, g5)

G =00=M)a+ Ayl —aq@)+a(l-g)
T:3g=0-2X)g+Xapylgs(1 —g3) + @ (1—q1)] )

a3 = (1= A3) g3 + Aspuz @1 (1 — q1) + @2 (1 — go)]
whereg;, i = 1, 2,3, representhe productionsat time ¢ of the competingfirms

which sell the samegoodin a given market, andgq; the respectre productionsat
timet + 1. Theparameterbelongto the parametespace

Q={p; >0and) €[0,1]} (6)

Thefixed pointsof the map(5), Nashequilibria of the game,are solutionsof the
following algebraicsystemof degrees8

plee(1—g) + (1 —g3)]=aq
olgn (1 —q1) +¢3 (1 —q3)] = @2 (7)
p3lee (1 —q)+a (1—q)] =g

It is evidentthatthepoint E; = (0, 0, 0) is alwaysa fixed point, soatleastanother
real solutionof (7) mustexist. As shawn in [3], a completeanalyticalsolution of
thesystem(7) canbefoundundertheassumption

K1 = Ho = Hz = M- (8)

In this casethe secondixed point, which existsfor eachvalueof p, is givenby

1 1 1
Eo=11-——1——,1——|.
2u 2u 21

andothersix fixed pointsexist providedthaty, > /2 + % givenby

o

y = (1+2u+ﬁ 1+2u+VT 3+2uﬂ/§) E, = (H?;ﬁﬁ 14+2u—VT 3+2u+ﬁ)

o ’ o ’ 4p 4u ’ 4u ’ 4p
Er = (3t20—VY 14204V 1424V @ (342048 1424V 142V
5~ 4au ’ 4au ’ 4p 6 — 4au ’ 4au ’ m
B = (1H2V8 342u—VU 1424V o 1420V 3424V 142u—VE
7= 4au ’ 4au ’ 4p 8 — 4au ’ 4au ’ m



where¥ = ¥ (1) = 4pu? —4u—7. A completestudyof thelocal stability properties
is easilyobtainedn the symmetriccaseof identicalcompetingfirms, i.e.

A =Xo =N =\ (9)

asstatedn thefollowing proposition(seg[3])

Proposition. Let (8) and(9) hold. Then

(i) thefixedpoint E; existsfor eac (1, \) € Q andit is a stablenodefor (i, \) €
0 (By), with (1) = { (1, A) € 2| < 3}

(i) thefixedpoint E, existsfor eadh (u, A) € Q andit is a stablenodefor (u, A) €
QF (Ep), with Q*(E) = {(1,\) € Q|3 < p < 2andA (2u— 1) < 2};

(iii) thefixedpointsEs, E5 and B, existfor i > 1/2++/2 andare alwaysunstable

(iv) the fixed points E,, Es and Eg existfor yu > 1/2 + v/2 and are stablefor

1
Q(Ey) = {(u,)\) € Q\§+\/§< p<2andd< A< )\f(u)}
and

Q5(Ey) = {(11, A) € Q| >2 and0 < X < \p(p)}

whee \; (1) and A, (1) are givenby

Ar() = : (10)
5— /U (1) + \/(25 +7 ¥ () (1-/¥()
and
M) = VW 1)

U () (/¥ (n) +1)

respectivelyln theregion Q5 (E,), E,, Es and Eg are stablenodes,in the region
Q3 (E,) they are stablefoci.

From this propositionit follows that a wide range of parametersexists which
gives coeistenceof stable Nash equilibria. Since the stability regions Q° (Es)

and Q* (E4) overlapfor 1 + v2 < p < 2 andX(2u—1) < 2 in sucha re-
gion we have four coexisting Nashequilibria, F», E,, Es and Eg, which arestable



Fig. 2. CS_; (top left image,threesheetsOSE“l), CS@, and CS(f%, depictedtogether
with basinsof attraction)andC'S (top right image,threesheet25(®), ¢ S®), andC'S(©),

depictedtogetherwith separated¢oneszy, Zs, Z4, Zg, and Zg) visualizedin 3D — the
imagesbelown thetop row shaw planarintersectionsat different(increasing)depthvalues
for both3D illustrations.

nodes.In the portion Q5 (E,) of theregion Q° (E4) we have the threecoexisting
stableNashequilibria E;, Eg and Eg, which are stablefoci, andin the portion
Qf (Eq) of Q° (Ey) with $ +v2 < p < 2and ) (2p—1) > 2 the threesta-
ble Nashequilibria £, Fs and Eg exist, which arestablenodes Accordingly, the
guestionsstatedin the introductionnaturally arise,namely to which Nashequi-
librium doesthe evolutionary processlescribedy the market dynamicsleadand
which role do the initially chosenquantitiesof the competitorsplay in this pro-
cessAn answetto this questiorrequiresa globalanalysisof themap(5), whichis
athree-dimensionatonirvertible map.Indeed,givena point (¢}, ¢, ¢5) its rank-1
preimagesl’™! (¢, ¢, ¢5), may be more thanone (really up to eight) sincethey
areobtainedby solving the eighthdegreealgebraicsystem(5) with respecto the



unknowns (qi, ¢, ¢3). For this map,which is continuouslydifferentiable we have
cS_, = {(ql, g2, QQ) €R? | det DT = 0}, where

L= A (1= 2g2) A (1 — 2g3)
DT (g1, 92, 92) = | ppA2 (1 — 2q1) 1—=X HaAa (1 — 2¢3) (12)
psAs (1 —2q1) psAs (1 —2g2)  1— A3

andthe critical setC'S, which separatesegionswith differentnumbersof rank-
1 preimagesis obtainedasCS = T (CS_;). Three-dimensiongpicturesof the
setsC'S_; andC'S, aswell astheir projectionson the coordinateplanesareshavn
in Fig. 2. It can be noticedthat the critical setC'S subdvidesthe phasespace
into theregions 7y, Z,, Z4, Zs, Zg, nestedoneinto the other with the pointsfar
from the origin O = (0,0,0) belongingto Z,, as can be easily seenfrom the
algebraicsystem(5) whensolvedwith respecto theunknovnsg; with sufficiently
high valuesof g;.

4 Graphical study of the contactbifur cations

For apropervisualinvestigatiorof thebifurcationevent,whichleadsto thecreation
of disjoint partsof a basinof attraction,two typesof structureswithin the phase
spaceneedto be visualized.First, the boundaryof eachbasinof attractionhasto
be depicted.SecondlyC'S andtheway it subdvidesthe phasespacento regions
with differentnumbersof preimagegzonesZz;) hasto be depicted.Unlike the 2D
case,n 3D thisis not a trivial task— basinboundariesnay be of complex shape
themseles and/orbe groupedin a hierarchicalway suchthat they are spatially
stacled over eachother Moreover, C'S may consistof several sheetdolded over
eachotherin acomplex way. Visualizationof such3D structuregposesheproblem
of occlusionwhichis dealtwith by renderingselectegartsof the 3D objectswith
differentlevelsof transpareng

The standardprocedureof representingurfacesin interactve computergraphics
is to useof anapproximationof the surface,which is constructedrom mary tiny

triangles(see[19]). This surfacerepresentatiocanusually be renderedn an ef-

ficient way, by exploiting acceleratiorhardware widely availablein currentPCs.
Unfortunatelydueto theoftencomplex shapeof basinboundariesandcritical sets,
tremendousamountsof triangleswould be neededor a properapproximationof

the 3D structuresyesultingin a ratherweakrenderingperformanceseveral sec-
ondsperimage).Contrarily, visualizationapplicationdesignedor interactve use
requireupdateratesno slowerthan10Hz.

To allow interactve viewing and manipulationwe use a volumetric representa-
tion of investigatedstructuresnsteadof triangles,which — in our case— canbe

10



renderednteractvely (see[17,25]). An axis-parallelbox-shapedub-sef phase
Space— Tmin, Tmaz] X [Ymin, Ymaz] X [Zmin, Zmaz| — Which containsall the struc-
turesof interestis discretized(sampled)to a regular 3D grid (volume data-set).
Eachstructure(basinboundaryor critical set)is representedby a setof samples
(calledvoxelg within thevolume.A voxel canbelongto severalstructuregto C'S
andabasinboundaryfor example).

Thevisualizationprocesss subdvidedinto two stagesFirst,duringatime-consuming
preprocessingtep,thediscretizedepresentationf the boundarieandthe critical
setis computedoff-line. The computationresultsin a data-file,which afterwards
canbeviewedandinteractvely investigatedluringthe secondstep.The systemin
useactually processes 4D data-seteforerendering,becausehe parametere-
sponsiblefor the bifurcationof interestis alsodiscretizedo seseralvaluesbefore
andafterthebifurcation.

To obtainthe boundarieof basinswithin the investigatedoortion of phasespace,
a trajectoryis startedat the centerof eachvoxel v. After determiningto which
attractorE); thetrajectorycorverges,thevoxel is labelledasbelongingto thebasin
B(FE;). After classifyingall voxels of the volume data,the boundaryof B(E;) is
determinedasthe setof all voxelsv which have atleastoneneighborwhich itself
belongsto anotherbasinthanw. If the coordinatef v within the volumedata-set
arex, y, andz, thereare 26 neighborswith coordinategz + dz,y + dy, z + dz),
wheredz, dy, dz assumehevalues{—1, 0, 1}, exceptfor dz = dy = dz = 0.

For the calculationof C'S the determinanif the Jacobiammatrix is evaluatedat
the centerof eachvoxel. If the signof the determinandiffersfor two neighboring
voxels,C'S_; is assumedo passn-betweenlf requiredthevoxelscloseto C'S_

canbe marled for servingasa representatioof C'S_; during visualization.For

acquiringa voxel of therepresentationf C'S, binary subdvision is performedin-

betweenthe two voxelsto obtaina morepreciselocationof C'S ;. Theimageby

T of this pointof C'S_; givesavoxel of C'S. Furtheriterationscanbe performed
to build up representationsf C'S; = T(CS), .. .,CS, = T™(CS) successiely.

As—in thecurrentapplication-we areinterestedn contactdetweerbasinbound-
ariesandC'S, thevisualizationof the distancebetweenvoxelsof C'S andtheclos-
estvoxel of aboundaryis useful.Distancenformationcanbeassociateavith each
voxel of C'S anddisplayedduring visualization.The distancecomputations per

formedusing 3D distancemetric which is a closeandfastapproximationof the
shortesEuclideandistanceo a setof voxels(seg[28]).

As only the contactsbetweena basinboundaryand specificpartsof C'S resultin
thecreationof disjointbasinsC'S hasto befurthersubdvidedinto severalobjects,
becauseauninterestingoartsof C'S canbe omitted during visualizationto reduce
occlusionandthe compleity of theresultingimage.

Volumerendering([18]) is usedfor the visualizationof the dataobtainedafterthe
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Fig. 3. Basinsof attraction(four attractorsexceptoo) visualizedbeforeandafterthecontact
bifurcation—the creationof disjoint partsof onebasin(depictedn cyan)is clearlyvisible.

computationstep.Basicvolumerenderinginterpretsthe contentsof a scalardata
volumeasdensitiesof a medium(similar to gasor particles)with specificoptical
absorptiorandemissiornpropertiegse€g[20]). An imageis producedy integrating
the contributionsof the mediumalongviewing raysshotthrougheachpixel of the
image.In practise the integrationis replacedoy summingup samplesof contribu-

tionsalongtheviewing ray, see[16]. This simplemodelcanbe usedfor depicting
cloud-like 3D objectslik e fog or fire. More sophisticate@pproachesnake useof

transferfunctions(see[18]) allowing for arbitrary assignmenbf optical proper

tiesto datavalues.The mostwell-known imagesobtainedusingthis techniqueare
probablyimagesrom medicalapplicationgbonegogethemith softtissuearound)
obtainedfrom computedomographydata(CT) or similar acquisitiondevices.By

assigningdifferentcolorsto voxels belongingto differentobjects,distinctionbe-
tweenobjectsis accomplishedAssigningdifferentabsorptionlevels to different
objects allows to seethroughthemto perceve structuresestedwithin them-— for

examplebasinboundariesvithin basinboundaries.

To achieveabetterimpressiorof the3D shapeandspatialcorrelationof theobjects,
theinfluenceof a light sourceontothe color of eachvoxel is alsoincludedduring

rendering26]. To easethevisualdetectionof partsof C'S wherethe contactevent
takesplace,the distanceto the nearesbasinboundarywhich hasbeencomputed
duringthefirst step,canbe usedto modify eitherthe color, or the transpareng of

eachvoxel of C'S. Thus,theclosestarea®f thecritical setcanbeeitherhighlighted
by coloring themred, for example,or partsof C'S which are far away from ary

basinboundarycanberenderednoreor lesstransparentieducingthe compleity

of theimageanddepictingonly possiblyimportantpartsof the surface.

Especiallyfor theinvestigationof bifurcationevents,severaldata-setsor different
settingsof thebifurcationparametehave beencomputedUsingour viewer, which
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Fig. 4. The basinof attractionwhich causeghe contactbifurcationis visualizedin 3D
togethemwith reponsiblepartsof CS.

is capableof interactve volumerendering see[15], the sequencef data-setgan
beinvestigatedBy changingthe optical propertiesof voxelsbelongingto distinct
objects,anexplorationof the computeddatais possibleIn the caseof basinsonly
theboundaryis depicted.To reduceocclusionjnnerpartsof abasinareassumedo
be totally transparentAs for the given parametesettingsthe systeminvestigated
in this paperexhibits four partly nestedbasinsanda C'S foldedin a complex way
(seeFig. 2), it is crucialto omit nonrelerantobjectsfrom renderingn orderto ob-
tain aclearview onthelocationof thebifurcation.An additionaltool for revealing
hiddenpartsof the datasetis to useclipping planeswhich remove dataabove the
plane—to provide insightinto databelow it.

In orderto commentan exemplarycase,wherea contactbifurcation causeshe
transformatiorof abasinfrom simply connectedo anonconnectedet,let uscon-
sidera setof parameter$or which we have four coexisting stableNashequilibria,
the stablenodesFE,, E,, E¢ and Es. In Fig. 3athedifferentbasinsarerepresented
by differentcolors? : thebasinsof E,, Es, and Eg arerepresentely cyan, yellow,
andpurple,respectrely, arenestednsidethebasinof E,, whoseboundaryappears
asa semi-transparergurface.The outer (black) region representshe basinof in-
finity B(c0), definedasthe opensetof pointsthatgenerataliverging trajectories

B(x) = {(Q1,(]2,Q3) \ HTt (q1,Q2,Q3)H — oo ast — +oo} .

In Fig. 3a, obtainedwith parametersvalues\; = Ay = A3 = 0.5, andy = 1.95,
the basinsB (E4), B (Es) and B (Eg) aresimply connectedsets,and B (E,) is a
multiply connectedetsurroundinghem.After a smallchangeof the parametersa
qualitatively differentstructureof thebasinB (E,) is obtainedasshovn in Fig. 3b,

3 for colorimagesreferto URL
http://bandvi z. cg.tuwi en. ac. at/ basi nvi z/ di sj oi nt/
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obtainedwith A\; = 0.4263, Ay = 0.5, A3 = 0.5737, andy = 1.95. Evidently, this
slight variation of the parametersausedthe occurrenceof a global bifurcation
at which the basinB (E,) becomesa nonconnectedet, formed by the so called
immediatebasin,definedasthelargerconnectegortionof abbasinwhichincludes
theattractortself, andseveraldisjointportions(alsocalled“islands”in [24]), some
of which areclearlyvisible in Fig. 3h.

Othersmaller‘islands”arealsocreatecatthebifurcation,andcanbeseerby zoom-
ing in. Theoccurrencef thisglobalbifurcationss causedy acontactbetweerthe
boundaryof B (E,) anda critical surface,after which a portion of theimmediate
basinentersazonecharacterizedby alargernumberof preimagesasexplainedin

Section2. The disjoint portionsof B (E,) which areclearly visible in Fig. 3b are
rank-1preimageslocatedacrossC'S_;, of the portion B, of the immediatebasin
which crossedhecritical setat the bifurcation,andif someof these'islands” are,
at leastpartially, includedinsidea zoneZ;, with k£ > 0 thenothersmallerislands
arepresentwhich arerank-2preimage®f 5., andsoon.

In orderto study the contactwhich causessucha remarkablebasin bifurcation,
graphicalrepresentationsf B ( E,), togethemwith thecritical setsC'S, aregivenin
Fig. 4 beforeandafterthecontactrespectrely. Thevalueof theparameteratwhich
thecontactoccursaswell asthe pointof the phasespacenvherethecontactoccurs,
canbe easilynumericallyboundedo theinterval [(0.438, 0.562), (0.44, 0.56)] for
equallyincreasing/decreasingaluesof A; and \3; A\, equals0.5 andy = 1.95.
Moreover, the factthata bifurcationis goingto occurcanbe anticipatedbecause,
if requiredby the user the computerprogramcalculateghe minimal distancebe-
tweena given basinboundaryandthe critical setC'S, andthe pointsof the basin
boundarywheresucha distancdas becomingsmallerandsmallercanbe coloredin
orderto emphasizavherethe contactis goingto occur This enablesneto realize
thata qualitatve changeof the basinsstructureis goingto occurevenif the con-
tact pointis locatedbehind,andconsequentlyhe usercaninteractvely rotatethe
coordinateaxesin orderto understananoreclearlythekind of contactbifurcation.

Really, the few imagesgivenabove give avery poorinformationaboutthe method
usedto detectthe contactbifurcation by usingthe interactve graphicalprogram.
Indeed the studycanonly be performedby the usageof animatedsequencewith
the possibility of interactve rotation and transpareng modulationof the objects
appearingon the screenaswell asa properinteractve usageof cutting planes.
Furtherimages,andsomeanimatedsequences;anbe found at the web pagecor-
relatedto thiswork (see[1]).
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