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Abstract

We considerthree-dimensionaldiscretedynamicalsystem,obtainedby the iterationof a
noninvertible mapof ��� , which simulatesthe time evolution of an oligopoly gamewith
threecompetingfirms. The model is characterizedby the presenceof several coexisting
stableequilibria,eachwith its own basinof attraction.In this paperwe facethequestion
of thedelimitationof thebasinsandthedetectionof theglobalbifurcationsthatcausethe
creationof non-connectedbasins.This requiresa studyof the globalpropertiesof the 3-
dimensionalnoninvertiblemapby themethodof critical sets,basedonthedeterminationof
thecontactbifurcationsthroughasystematiccomputer-assistedstudy. This requiresthevi-
sualizationof surfaces(thecritical surfacesandthebasins’boundaries)which sometimes
arenestedoneinsidethe other. Enhancedgraphicalmethods,basedon two-level volume
rendering, areemployed in orderto modulatetheopacityof outerobjectssothat thecon-
tactsbetweenthebasins’boundariesandcritical surfacescanbevisualized.Thisis obtained
throughtherealizationof ad-hocroutines,whichallow interactive 3D visualization.

Key words: DynamicGames,DiscreteDynamicalSystems,noninvertiblemaps,
ComputerGraphics,VolumeRendering.

1 Intr oduction

This paperbuilds on, andaimsto contribute to threedifferentliteratures.First, it
facesan equilibrium selectionproblemwhich is typically addressedin the liter-
atureon dynamicandevolutionarygameswith several coexisting equilibria (see
e.g.[4,27,10,5]).In fact,weconsideradiscretedynamicalsystemwhichrepresents
thetime evolution of a Cournotoligopoly gamewith threecompetingfirms (a tri-
opoly game),recentlyproposedin [3], which is characterizedby the existenceof
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severalstableNashequilibria � , eachwith its own basinof attraction.An oligopoly
is a market structurewherea few producers,eachof appreciablesize,producethe
samegood,or goodswhich are perfectsubstitutes.A Cournotoligopoly model
(see[9]) is basedon the assumptionthat eachfirm decidesits own productionin
orderto maximizeits expectedprofits,andthefewnessof firms givesriseto inter-
dependence, thatis, eachfirm musttake into accounttheactionsof thecompetitors
in choosingits own action,becauseeachprofit also dependson the production
decisionof the competitor. In the original work of Cournot,aswell as in many
subsequentpapers,suitableassumptionson thedemandandcostfunctionsensure
that a uniqueNashequilibrium exists (see[5] for references).However, in many
economicmodelsmultipleequilibriaemergeandstabilityargumentsareoftenused
to selectamongthem.If severalequilibria arestable,thena situationof strategic
uncertaintyprevails,becausetheequilibriumto whichthedynamicgameconverges
dependson the initial condition.This naturallyleadsto thestudyof thebasinsof
attraction,in orderto ascertainthe role of the startingconditionsof the dynamic
gamein theselectionof thefinal outcome.This issueis oftenaddressedin there-
centliteratureondynamicandevolutionarygames,whereanequilibriumis reached
by a dynamicadjustmentprocessoccurringwhenboundedlyrationalplayersplay
thegamerepeatedly, a mechanismwhich is oftenrepresentedasadiscretedynam-
ical system(seee.g. [4], ch.9, [27]). For the particulartriopoly gameconsidered
in this paper, the problemstatedabove hasalreadybeenaddressedin [3], where
it is shown thatcoexistenceof stablesteadystatesoccurswith basinsof attraction
which may be nonconnectedsets.As repeatedlystressedin [3], the presenceof
nonconnectedbasinsis peculiarof noninvertiblemaps,but no attemptshave been
madein thatpaperin orderto explaintheglobalbifurcationsthatcausethecreation
of nonconnectedbasins.

This leadsto the secondstreamto which the presentpapercontributes,which is
relatedto thestudyof theglobalpropertiesof noninvertiblemapsby themethodof
critical sets(seee.g.[14,23,2]andreferencestherein).Indeed,it is now sufficiently
well-known thatthecreationof nonconnectedbasinsin one-dimensionalnoninvert-
ible mapscanbeexplainedin termsof contactsbetweencritical pointsandbasins’
boundaries(alsocalledcontactbifurcations, see[21]). In recentyears,in thestudy
of two-dimensionalnoninvertible maps,analogousresultshave beenobtainedby
the methodof critical curves, a two-dimensionalgeneralizationof the notion of
localmaximaandminimain theone-dimensionalcase(seee.g.[24,23,2]).Instead,
theextensionof thesemethodsto thestudyof modelsinvolving three-dimensional
noninvertiblemaps,like theoneconsideredin thepresentpaper, is analmostun-
exploredfield. In this paperwe try to usethe methodof critical setsin order to� In a gamea NashEquilibrium is an optimal choicesuchthat noneof the firms hasan
incentive to deviate,sinceeachplayer’s strategy is thebestresponseto theotherplayers’
predictedchoices.In thedynamicgameconsideredin this paper, wherethetime evolution
of players’choicesareobtainedby theiterationof a map,theNashequilibriaarethefixed
pointsof themap.
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studythecontactbifurcationswhichcausethecreationof nonconnectedbasins.For
mapsof dimensiongreaterthanone,theexplicit analyticalexpressions,in termsof
elementaryfunctions,of the critical sets,andof the basinboundariesinvolved in
the contactbifurcationsare generallynot known. So, even for two-dimensional
noninvertiblemaps,the methodsfollowed in the determinationof the contactbi-
furcationsarebasedon a systematiccomputer-assistedstudy, carriedout through
a continuousdialog betweenanalytic,geometric,andnumericalmethods,which
often requirea carefulusageof computergraphics.This createssomenontrivial
practicalproblemswhenonetriesto generalizesuchmethodto morethantwo di-
mensions.In fact,sincethecomputerscreenis two-dimensional,thevisualization
of objectsin aphasespacesof dimensiongreaterthantwo,andthedetectionof con-
tactsamongtheseobjectsastheirshapeschange,maybecomeaverydifficult task.
In otherwords,theextensionto higher-dimensionalsystemsof theresultson con-
tactbifurcations,whichgavesomany interestingandpromisingresultsin thestudy
of two-dimensionalnoninvertiblemaps,maybecomea very hardandchallenging
task,due to the difficulties met in the computer-assistedgraphicalvisualization.
In [3], two-dimensionalsectionsareemployed in orderto visualizethe basinsof
coexistingattractors,but thismethodis notusefulto detecttheoccurrenceof qual-
itative changesin the structureof the basinsand the contactbifurcationswhich
causesuchchanges.

Thisintroducesthethird topic,concerningtheproblemof visualizingobjectswhich
areof higher-dimensionalitythan the screen.Indeed,in our casethe problemof
3D visualizationalso involvesotherdifficulties, relatedto the fact that it is nec-
essaryto visualizeobjectswhich arenestedinsideotherobjects.This meansthat
sophisticatedgraphicalprogramsarenecessaryto modulatetheopacityof theouter
objectsin order “to seethrough” them.Moreover, the critical setsarenow two-
dimensionalsurfacesembeddedin a three-dimensionalphasespace,andtheir con-
tactswith portionsof basinboundaries,alsogiven by two-dimensionalsurfaces,
maybeverydifficult to bedetected,unlessthecritical surfacesarerepresentedlike
semi-transparentveils. In this papersomeenhancedgraphicalmethods,basedon
two-level volumerendering[15] areemployed in orderto visualizethe attractors
insidetheir basins,theportionsof thebasinsof which arenestedinsidethebasins
of differentattractors,andthecontactsbetweenthebasins’boundariesandthecrit-
ical surfaces.Indeed,therealizationof ad-hocroutines,whichallow interactive3D
visualization,revealsto becrucial in orderto detecttheoccurrenceandtheeffects
of contactbifurcations.

The remainderof this paperis organizedas follows. In Section2 we recall the
generalnotion of critical set for a noninvertible � -dimensionalmapandwe give
a qualitative descriptionof the bifurcationswhich causethe creationof noncon-
nectedbasins.In Section3 we introduceanoninvertiblemapwhoseiterationgives
the time evolution of a triopoly game,andwe give someresultsconcerningthe
existenceandthelocal stability of its fixedpoints,which representtheNashequi-
libria of thegame.In Section4 we briefly describethegraphicalmethodwhich is
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at the basisof thecomputerprogramrealizedfor the numericalstudyof the con-
tact bifurcationsof three-dimensionalnoninvertible maps.In particular, we show
anexemplarybifurcationwhich changesthetopologicalstructureof a basin,from
connectedto nonconnectedset,causedby a contactbetweena critical surfaceand
thebasinboundary. Suchcontactsarerevealedthroughanontrivial implementation
of interactive two-level volumerenderinggraphicalsoftware.

In this paperwe only give a few images,which are just snapshotsof animated
sequencesrepresentingthechangesof thebasinsassomeparametersaregradually
changedalongparticularbifurcationpathsin thespaceof theparameters.Further
images,aswell asthe whole animatedsequences,canbe found at the web page
correlatedto this work (see[1]).

2 Critical setsand basinbifur cationsfor � -dimensionalnoninvertible maps

A map �
	���
�� ��
 , definedby ������������� , is a noninvertiblemapif it is “many-
to-one”, i.e. distinct points � �������� exist which have the sameimage, ����� � � ��������!�"�#� � . This meansthat several rank-$ preimagesof a given point � � may
exist, or, equivalently, several inversemappingsaredefined,being �&%'�(�*) �% �����+� ,, �-$/.1020303.54 . So, the space� 
 canbe subdivided into regions 6�7 , 8:9<; , whose
points have 8 distinct =?>@�A8"B($ preimages.Generally, as the point � � variesin� 
 , pairsof preimagesappearor disappearasit crossesthe boundaryseparating
differentregions.Hence,suchboundariesarecharacterizedby the presenceof at
leasttwo coincident(merging)preimages.This leadsto thedefinitionof thecritical
sets,oneof thedistinguishingfeaturesof noninvertiblemaps[14,23]:

Definition. The critical set CED of a continuousmap � is definedasthe locusof
pointshaving at leasttwo coincident=/>@�A8FBG$ preimages,locatedon a set C�D ) �
calledsetof mergingpreimages.

The critical set C�D is the � -dimensionalgeneralizationof the notion of critical
value(whenit is a localminimumor maximumvalue)of aone-dimensionalmap� ,
andof thenotionof critical curve H�C (from theFrench“Ligne Critique”, following
Gumowski andMira [14]), of anoninvertibletwo-dimensionalmap.Theset C�D ) �
is the generalizationof the notion of critical point (when it is a local extremum
point)of aone-dimensionalmap,andof thefold curve HIC ) � of a two-dimensional
noninvertiblemap.Thecritical set C�D is generallyformedby �J� BK$L� -dimensional
hypersurfacesof � 
 , andportionsof CED separateregions 6M7 of the phasespace
characterizedby a differentnumberof =/>@�A8NBO$ preimages,for example 6M7 and6�75P�� (this is thestandardoccurrence).� This terminology, andnotation,originatesfrom thenotionof critical pointsasit is used
in theclassicalworksof JuliaandFatou.

4



Fig. 1. Qualitative graphicalillustration of the folding (on the left) andunfolding (on the
right) process.

Fromthedefinitiongivenabove it is clearthattherelation C�DQ�O���RC�D ) � � holds,
andthepointsof CED ) � in which themapis continuouslydifferentiableareneces-
sarilypointswheretheJacobiandeterminantvanishes:C�D ) �TS�U@V �XW5�ZY[� 
]\_^�`badc �������M�e;�fN0 (1)

In fact,in any neighborhoodof apointof CED ) � thereareat leasttwo distinctpoints
which are mappedby � in the samepoint. Accordingly, the map is not locally
invertiblein pointsof C�D ) � .
In order to explain the geometricmeaningof the critical sets,let us considera
portion of CED , say gCED , which separatestwo regions 6M7 and 6�7hP�� of the phase
space,andlet gC�D ) � bethecorrespondinglocusof merging preimages,i.e. gC�DK����hgCED ) � � . This meansthat two inversesof � exist, say � ) �� and � ) �� , which are
definedin the region 6M7hP�� (andhave respective rangesin the regions i � and ij�
separatedby gCED ) � ). Both inversesmergeon gC�D (i.e. they givemergingpreimages
on gCED ) � ) andno longerexist in theregion 6M7 . Now, let kml
� 
 bea ball which
intersectsgC�D ) � in c �nkGo gCED ) � . Then �p� c � S gC�D , and �q�rk*� is “folded”
along gCED into theregion 6M7hP��s0 Referto Fig. 1 for a graphicalillustration.In fact,
consideringthetwo portionsof k separatedby gC�D ) � , say k � Y�i � and kt�uY�ij� ,
we have that ���vk � ��oZ���vkt�!� is a nonemptysetincludedin theregion 6M7hP�� , which
is theregionwhosepoints ��w have rank-1preimages� � �e� ) �� ��� � �xYyk � and���x�� ) �� �+� � �TYykt� . Thismeansthattwo points� � Yzk � and���{Y|k]� , locatedatopposite
sideswith respectto gCED ) � , aremappedin thesamesidewith respectto gCED , in the
region 6M7hP�� . This is also expressedby sayingthat the ball k is “folded” by �
along gCED on thesidewith morepreimages.Thesameconceptcanbeequivalently
expressedby stressingthe“unfolding” actionof � ) � , obtainedby theapplication
of thetwo distinctinversesin 6M7hP�� whichmergealong gC�D , becauseif weconsider
a ball }~l<6�75P��1. thenthe setof its =?>&��8NB�$ preimages�*) �� ��}'� and ��) �� ��}�� is
madeup of two balls � ) �� ��}��xY|i � and � ) �� ��}'�xY|ij� , andtheseballsaredisjoint
if }�o gC�Dz�G� .
Thisis thebasicreasonfor theexistenceof nonconnectedbasins,apropertyspecific
to noninvertiblemaps.Werecallthatthebasinof anattractor� is thesetof all the
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pointsthatgeneratetrajectoriesconverging to �� �R�*���
��� \ � 7 �����I��� >���8�� ����� (2)

If k is aneighborhoodof � whosepointsconvergeto � (whichexistsby definition
of attractor)then k S � �R�*� , andalsothepointswhich are mappedinside k after
a finite numberof iterationsbelongto

� �J�*� , thusthebasinof � is formedby all
thepreimagesof thepointsof kO	� �R�*��� ��%�� V � ) % �rk*� (3)

where� ) � ����� representsthesetof therank-$ preimagesof � (i.e.thepointsmapped
into � by � ), and � ) % ����� representsthesetof the =?>@�A8�B , preimagesof � (i.e. the
pointsmappedinto � after

,
applicationsof � ).

Now, let usassumethat
� �J�*� is a connectedbasinfor a givensetof parameters,

andasaparameteris changed
� �R��� hasacontactwith CED , afterwhichaportionof� �R��� , say

���
, crossesCED andentersaregion 6�75P�� with morepreimages.Thisim-

pliesthecreationof new portionsof
� �R��� givenby thenew preimages� ) �� � ��� � ,� ��$�.!� . If thesepreimagesbelongto regions 6M7 , with 8z�X; , alsootherportions

of
� �J�*� arecreatedafterthecontact,givenby higherrankpreimagesof

���
.

To sumup, we may saythat the backward iterationof a noninvertiblemap � re-
peatedlyunfold thephasespace,andthis impliesthata basinof attractionmaybe
nonconnected,i.e. formedby several (even infinitely many) disjoint portions.In
fact, asa suitableset k in (3), we may take the so called immediatebasinof an
attractingset � ,

� V �R�*� , definedasthe widestconnectedcomponentof the basin
which contains� . Thenthebasinof � (or total basin)is givenby thewholesetof
preimages,of any rank,of theimmediatebasin:� �R�*��� ��7h� V � ) 7 � � V �J�*��� (4)

and,from theargumentsgivenabove, it follows thatsucha setmaybemadeup of
infinitely many disjoint components.So, the global bifurcationswhich transform
a simply connectedbasininto a nonconnectedonecanbe explainedin termsof
contactsof basinsboundariesand critical sets. As stressedin the introduction,
their studyis generallybasedon boththeoreticalandcomputationalmethods,and,
asweshallseein theexamplediscussedbelow, thegraphicalvisualizationis often
crucialin thediscoveryandexplanationof changesin dynamicscenariosandtheir
parameterdependence.
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3 The triopoly gameand its equilibria

Thetimeevolutionof thetriopoly gameproposedin [3] is obtainedby theiteration
of thethree-dimensionalmap �O	���  � .5 ¡�¢.5  � ��� �R L�� .5 L�� .� £�� �

��	 ¤¥¥¥¥¥¦ ¥¥¥¥¥§  £�� �¨�_$©B:ª � �«  � �Qª �_¬ �A­  s�t�_$©Bp ¡�!�A�:  � �_$xB�  � �v®  �� �¨�_$©B:ª��!�« ¡�¯�Qªd� ¬ � ­   � �_$©Bp  � �A�:  � �_$xB�  � �v®  �� �¨�_$©B:ª � �«  � �Qª � ¬ � ­   � �_$©Bp  � �A�: ¡�¯�_$xB� s�b�v® (5)

where   � , � ��$�.!��.5° , representthe productionsat time ± of the competingfirms
which sell the samegoodin a given market, and   �� the respective productionsat
time ±���$ . Theparametersbelongto theparameterspace² �XW ¬ � �³; and ª � Y ­ ;�.1$s®Jf (6)

Thefixed pointsof themap(5), Nashequilibriaof the game,aresolutionsof the
following algebraicsystemof degree ´

¬ �A­  s�]�µ$xB� ¡�b�A�:  � �_$xBp  � �v®��e  �¬ � ­   � �µ$xB�  � �A�:  � �_$xBp  � �v®��e s�¬ � ­  s�]�µ$xB� ¡�b�A�:  � �_$xBp  � �v®��e  � (7)

It is evidentthatthepoint ¶ � �(�R;«.h;«.h;�� is alwaysafixedpoint,soat leastanother
real solutionof (7) mustexist. As shown in [3], a completeanalyticalsolutionof
thesystem(7) canbefoundundertheassumption¬ � � ¬ � � ¬ � � ¬ 0 (8)

In this case,thesecondfixedpoint,whichexistsfor eachvalueof ¬ , is givenby¶©�T�#·�$¸B $� ¬ .1$¸B $� ¬ .1$xB $� ¬º¹ 0
andothersix fixedpointsexist providedthat ¬ ��» �x� �� , givenby¶ � �m¼ � P��r½¢P�¾ ¿À ½ . � P��r½¢P�¾ ¿À ½ . � P��r½ ) ¾ ¿À ½ Á ¶ À �<¼ � P��r½ ) ¾ ¿À ½ . � P��r½ ) ¾ ¿À ½ . � P��r½1P�¾ ¿À ½ Á¶xÂÃ� ¼ � P��r½ ) ¾ ¿À ½ . � P��r½¢P ¾ ¿À ½ . � P��r½¢P ¾ ¿À ½ Á ¶xÄ¸� ¼ � P��r½1P ¾ ¿À ½ . � P��r½ ) ¾ ¿À ½ . � P��r½ ) ¾ ¿À ½ Á¶©ÅT� ¼ � P��r½¢P ¾ ¿À ½ . � P��r½ ) ¾ ¿À ½ . � P��r½¢P ¾ ¿À ½ Á ¶xÆ¸� ¼ � P��r½ ) ¾ ¿À ½ . � P��r½1P ¾ ¿À ½ . � P��r½ ) ¾ ¿À ½ Á
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whereÇG��ÇQ� ¬ �M�eÈ ¬ � B�È ¬ BÊÉ . A completestudyof thelocalstabilityproperties
is easilyobtainedin thesymmetriccaseof identicalcompetingfirms, i.e.ª � ��ª��¸�eª � ��ªA0 (9)

asstatedin thefollowing proposition(see[3])

Proposition. Let (8) and(9) hold.Then

(i) thefixedpoint ¶ � existsfor each � ¬ .!ª��¸Y ² andit is a stablenodefor � ¬ .!ª��¸Y²¸Ë ��¶ � � , with
²¸Ë ��¶ � �M� � � ¬ .!ªd�¸Y ² \ ¬ÍÌ �� �¸Î

(ii) thefixedpoint ¶x� existsfor each � ¬ .!ªd�ÃY ² andit is a stablenodefor � ¬ .!ª��TY² Ë ��¶x�!� , with
² Ë ��¶x�b�M� � � ¬ .!ªd�¸Y ² \ �� Ì³¬ÍÌ � and ª'��� ¬ BK$¢� Ì � �ÃÎ

(iii) thefixedpoints ¶ � , ¶©Â and ¶©Å exist for ¬ 9O$¢Ï���� » � andarealwaysunstableÎ
(iv) the fixedpoints ¶ À , ¶©Ä and ¶xÆ exist for ¬ 9 $LÏ��E� » � and are stablefor� ¬ .hª��ÃY ² Ë ��¶ À ��� ² Ë � ��¶ À �AÐ ² Ë� �R¶ À � , with² Ë � ��¶ À ���ÒÑ�� ¬ .!ªd�ÃY ² \ $� � » � Ì³¬ÍÌ � and ; Ì ª Ì ª�Ó&� ¬ �¢Ô
and ² Ë� ��¶ À ���XW�� ¬ .!ª��TY ² \ ¬ �K� and ; Ì ª Ì ªdÕ@� ¬ �hf
where ª�Ó&� ¬ � and ªdÕ�� ¬ � aregivenbyª�Ó&� ¬ �M� ´Ö BK× ÇQ� ¬ �A�ÙØ ¼5� Ö �QÉ�× Ç�� ¬ � Á ¼s$xBK× Ç�� ¬ � Á (10)

and ªdÕ�� ¬ ��� Ö BK× ÇÚ� ¬ �× ÇÚ� ¬ � ¼ × Ç�� ¬ �A��$ Á (11)

respectively. In the region
²¸Ë� �R¶ À � , ¶ À , ¶xÄ and ¶©Æ are stablenodes,in the region²¸Ë� ��¶ À � they arestablefoci.

From this proposition it follows that a wide rangeof parametersexists which
gives coexistenceof stableNash equilibria. Since the stability regions

² Ë ��¶x�b�
and

² Ë �R¶ À � overlap for �� �Ò» � Ì ¬ÛÌ � and ª���� ¬ BK$L� Ì � in sucha re-
gion we have four coexisting Nashequilibria, ¶x� , ¶ À , ¶xÄ and ¶©Æ , which arestable
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Fig. 2. Ü©Ý ) � (top left image,threesheetsÜ©ÝtÞàßâá) � , Ü{ÝtÞäãJá) � , and Ü{ÝtÞäå�á) � , depictedtogether
with basinsof attraction)and Ü©Ý (top right image,threesheetsÜ{Ý Þäß�á , Ü©Ý ÞàãJá , and Ü©Ý ÞàåRá ,
depictedtogetherwith separatedzones æ V , æ � , æ À , æ Ä , and æ Æ ) visualizedin 3D – the
imagesbelow the top row show planarintersectionsat different(increasing)depthvalues
for both3D illustrations.

nodes.In the portion
² Ë� �R¶ À � of the region

² Ë �R¶ À � we have the threecoexisting
stableNashequilibria ¶ À , ¶xÄ and ¶xÆ , which are stablefoci, and in the portion² Ë � �J¶ À � of

² Ë �R¶ À � with �� � » � Ìç¬�Ì � and ª���� ¬ BK$L�y�è� the threesta-
ble Nashequilibria ¶ À , ¶xÄ and ¶xÆ exist, which arestablenodes.Accordingly, the
questionsstatedin the introductionnaturallyarise,namely, to which Nashequi-
librium doestheevolutionaryprocessdescribedby themarket dynamicsleadand
which role do the initially chosenquantitiesof the competitorsplay in this pro-
cess?An answerto thisquestionrequiresaglobalanalysisof themap(5), which is
a three-dimensionalnoninvertiblemap.Indeed,givena point �J  �� .5  �� .5  �� � its rank-1
preimages� ) � �J  �� .5  �� .5  �� � , may be more thanone (really up to eight) sincethey
areobtainedby solving theeighthdegreealgebraicsystem(5) with respectto the
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unknowns �R  � .5 s�1.�  � � . For this map,which is continuouslydifferentiable,we haveC�D ) � �XW��J  � .5 ¡�1.5 ¡�b�TY[� � \_^«`¡adc �K�G;�f , where

c �p�J  � .5 ¡�1.5 ¡�!��� éêêêêêë
$¸B:ª � ¬ � ª � �µ$xBq�? ¡�b� ¬ � ª � �_$xBq�?  � �¬ � ªd�t�_$¸B:�?  � � $xBqªd� ¬ � ª��]�_$xBq�?  � �¬ � ª � �_$¸B:�?  � � ¬ � ª � �µ$xBq�? ¡�b� $xBqª �

ìîíííííï (12)

andthe critical set C�D , which separatesregionswith differentnumbersof rank-
1 preimages,is obtainedas CEDð�Û����CED ) � � . Three-dimensionalpicturesof the
setsC�D ) � and C�D , aswell astheir projectionson thecoordinateplanesareshown
in Fig. 2. It can be noticedthat the critical set CED subdivides the phasespace
into the regions 6 V , 6M� , 6 À , 6MÄ , 6�Æ , nestedoneinto the other, with the pointsfar
from the origin ñ � ��;«.5;«.h;@� belongingto 6 V , as can be easily seenfrom the
algebraicsystem(5) whensolvedwith respectto theunknowns   � with sufficiently
highvaluesof   �� .
4 Graphical study of the contactbifur cations

Forapropervisualinvestigationof thebifurcationevent,whichleadsto thecreation
of disjoint partsof a basinof attraction,two typesof structureswithin the phase
spaceneedto be visualized.First, the boundaryof eachbasinof attractionhasto
bedepicted.Secondly, CED andtheway it subdividesthephasespaceinto regions
with differentnumbersof preimages(zones6 � ) hasto bedepicted.Unlike the2D
case,in 3D this is not a trivial task– basinboundariesmay be of complex shape
themselvesand/orbe groupedin a hierarchicalway suchthat they are spatially
stacked over eachother. Moreover, C�D may consistof several sheetsfolded over
eachotherin acomplex way. Visualizationof such3D structuresposestheproblem
of occlusion,which is dealtwith by renderingselectedpartsof the3D objectswith
differentlevelsof transparency.

The standardprocedureof representingsurfacesin interactive computergraphics
is to useof anapproximationof thesurface,which is constructedfrom many tiny
triangles(see[19]). This surfacerepresentationcanusuallybe renderedin an ef-
ficient way, by exploiting accelerationhardwarewidely availablein currentPCs.
Unfortunately, dueto theoftencomplex shapeof basinboundariesandcritical sets,
tremendousamountsof triangleswould be neededfor a properapproximationof
the 3D structures,resultingin a ratherweakrenderingperformance(several sec-
ondsperimage).Contrarily, visualizationapplicationsdesignedfor interactiveuse
requireupdateratesnoslower than10Hz.

To allow interactive viewing and manipulationwe usea volumetric representa-
tion of investigatedstructuresinsteadof triangles,which – in our case– canbe
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renderedinteractively (see[17,25]).An axis-parallelbox-shapedsub-setof phase
space– ­ ��ò � 
 .���ò ß_ó ®Iô ­öõ ò � 
 . õ ò ßµó ®Mô ­î÷ ò � 
 . ÷ ò ß_ó ® – which containsall the struc-
turesof interestis discretized(sampled)to a regular 3D grid (volume data-set).
Eachstructure(basinboundaryor critical set) is representedby a setof samples
(calledvoxels) within thevolume.A voxel canbelongto severalstructures(to C�D
andabasinboundaryfor example).

Thevisualizationprocessissubdividedinto twostages.First,duringatime-consuming
preprocessingstep,thediscretizedrepresentationof theboundariesandthecritical
set is computedoff-line. The computationresultsin a data-file,which afterwards
canbeviewedandinteractively investigatedduringthesecondstep.Thesystemin
useactuallyprocessesa 4D data-setbeforerendering,becausethe parameterre-
sponsiblefor thebifurcationof interestis alsodiscretizedto severalvaluesbefore
andafterthebifurcation.

To obtaintheboundariesof basinswithin the investigatedportionof phasespace,
a trajectoryis startedat the centerof eachvoxel ø . After determiningto which
attractor¶º% thetrajectoryconverges,thevoxel is labelledasbelongingto thebasin� �R¶º%¡� . After classifyingall voxels of the volumedata,the boundaryof

� ��¶I%¡� is
determinedasthesetof all voxels ø which have at leastoneneighborwhich itself
belongsto anotherbasinthan ø . If thecoordinatesof ø within thevolumedata-set
are � , õ , and ÷ , thereare26 neighborswith coordinates�J�ù�Kú���. õ �Kú õ . ÷ �³ú ÷ � ,
where ú�� , ú õ , ú ÷ assumethevaluesW&Bu$�.h;«.s$/f , exceptfor ú��û�eú õ �Gú ÷ ��; .
For the calculationof CED the determinantof the Jacobianmatrix is evaluatedat
thecenterof eachvoxel. If thesignof thedeterminantdiffersfor two neighboring
voxels, CED ) � is assumedto passin-between.If required,thevoxelscloseto C�D ) �
canbe marked for servingasa representationof CED ) � during visualization.For
acquiringa voxel of therepresentationof C�D , binarysubdivision is performedin-
betweenthe two voxels to obtaina morepreciselocationof C�D ) � . The imageby� of this point of CED ) � givesa voxel of CED . Furtheriterationscanbeperformed
to build up representationsof C�D � �Ù����CED�� , . . ., CED 
 ��� 
 ��CED�� successively.

As – in thecurrentapplication– weareinterestedin contactsbetweenbasinbound-
ariesand CED , thevisualizationof thedistancebetweenvoxelsof C�D andtheclos-
estvoxel of aboundaryis useful.Distanceinformationcanbeassociatedwith each
voxel of CED anddisplayedduringvisualization.Thedistancecomputationis per-
formedusing3D distancemetric which is a closeandfastapproximationof the
shortestEuclideandistanceto asetof voxels(see[28]).

As only thecontactsbetweena basinboundaryandspecificpartsof C�D resultin
thecreationof disjointbasins,CED hasto befurthersubdividedinto severalobjects,
becauseuninterestingpartsof CED canbe omittedduring visualizationto reduce
occlusionandthecomplexity of theresultingimage.

Volumerendering([18]) is usedfor thevisualizationof thedataobtainedafter the
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Fig.3.Basinsof attraction(four attractorsexcept ü ) visualizedbeforeandafterthecontact
bifurcation– thecreationof disjointpartsof onebasin(depictedin cyan)is clearlyvisible.

computationstep.Basicvolumerenderinginterpretsthe contentsof a scalardata
volumeasdensitiesof a medium(similar to gasor particles)with specificoptical
absorptionandemissionproperties(see[20]). An imageis producedby integrating
thecontributionsof themediumalongviewing raysshotthrougheachpixel of the
image.In practise,theintegrationis replacedby summingup samplesof contribu-
tionsalongtheviewing ray, see[16]. This simplemodelcanbeusedfor depicting
cloud-like 3D objectslike fog or fire. More sophisticatedapproachesmake useof
transferfunctions(see[18]) allowing for arbitraryassignmentof optical proper-
tiesto datavalues.Themostwell-known imagesobtainedusingthis techniqueare
probablyimagesfrom medicalapplications(bonestogetherwith soft tissuearound)
obtainedfrom computedtomographydata(CT) or similar acquisitiondevices.By
assigningdifferentcolorsto voxelsbelongingto differentobjects,distinctionbe-
tweenobjectsis accomplished.Assigningdifferentabsorptionlevels to different
objects,allows to seethroughthemto perceive structuresnestedwithin them– for
examplebasinboundarieswithin basinboundaries.

Toachieveabetterimpressionof the3Dshapeandspatialcorrelationof theobjects,
theinfluenceof a light sourceontothecolor of eachvoxel is alsoincludedduring
rendering[26]. To easethevisualdetectionof partsof C�D wherethecontactevent
takesplace,thedistanceto thenearestbasinboundary, which hasbeencomputed
duringthefirst step,canbeusedto modify eitherthecolor, or thetransparency of
eachvoxel of C�D . Thus,theclosestareasof thecritical setcanbeeitherhighlighted
by coloring themred, for example,or partsof CED which arefar away from any
basinboundarycanberenderedmoreor lesstransparent,reducingthecomplexity
of theimageanddepictingonly possiblyimportantpartsof thesurface.

Especiallyfor theinvestigationof bifurcationevents,severaldata-setsfor different
settingsof thebifurcationparameterhavebeencomputed.Usingourviewer, which
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Fig. 4. The basinof attractionwhich causesthe contactbifurcation is visualizedin 3D
togetherwith reponsiblepartsof Ü©Ý .

is capableof interactive volumerendering,see[15], thesequenceof data-setscan
beinvestigated.By changingtheopticalpropertiesof voxelsbelongingto distinct
objects,anexplorationof thecomputeddatais possible.In thecaseof basins,only
theboundaryis depicted.To reduceocclusion,innerpartsof abasinareassumedto
be totally transparent.As for thegivenparametersettingsthesysteminvestigated
in this paperexhibits four partly nestedbasinsanda CED foldedin a complex way
(seeFig. 2), it is crucialto omit nonrelevantobjectsfrom renderingin orderto ob-
tainaclearview on thelocationof thebifurcation.An additionaltool for revealing
hiddenpartsof thedatasetis to useclipping planeswhich remove dataabove the
plane– to provide insightinto databelow it.

In order to commentan exemplarycase,wherea contactbifurcation causesthe
transformationof abasinfrom simplyconnectedto anonconnectedset,let uscon-
sidera setof parametersfor which we have four coexisting stableNashequilibria,
thestablenodes¶x� , ¶ À , ¶©Ä and ¶©Æ . In Fig. 3athedifferentbasinsarerepresented
by differentcolors� : thebasinsof ¶ À , ¶©Ä , and ¶©Æ arerepresentedby cyan,yellow,
andpurple,respectively, arenestedinsidethebasinof ¶x� , whoseboundaryappears
asa semi-transparentsurface.Theouter(black) region representsthebasinof in-
finity

� ���K� , definedastheopensetof pointsthatgeneratediverging trajectories� ���K���
����  � .� s�¢.5  � � \ ýýý �xþ«�R  � .� s�1.5  � � ýýý � � as ±�� ���O�û0
In Fig. 3a,obtainedwith parameters’valuesª � �Òª����Òª � �(;«0 Ö , and ¬ ��$�0 ÿ Ö ,
the basins

� �R¶ À � , � �R¶©Äb� and
� ��¶xÆb� aresimply connectedsets,and

� �R¶©�b� is a
multiply connectedsetsurroundingthem.After asmallchangeof theparameters,a
qualitativelydifferentstructureof thebasin

� �R¶ À � is obtained,asshown in Fig.3b,� for color imagesreferto URL
http://bandviz.cg.tuwien.ac.at/basinviz/disjoint/
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obtainedwith ª � �
;«0îÈ&� � ° , ª��j�
;«0 Ö , ª � �
;«0 Ö É/°@É , and ¬ �ð$�0 ÿ Ö . Evidently, this
slight variation of the parameterscausedthe occurrenceof a global bifurcation
at which the basin

� ��¶ À � becomesa nonconnectedset, formedby the so called
immediatebasin,definedasthelargerconnectedportionof abasinwhich includes
theattractoritself,andseveraldisjointportions(alsocalled“islands” in [24]), some
of whichareclearlyvisible in Fig. 3b.

Othersmaller“islands”arealsocreatedatthebifurcation,andcanbeseenbyzoom-
ing in. Theoccurrenceof thisglobalbifurcationsis causedby acontactbetweenthe
boundaryof

� ��¶ À � anda critical surface,afterwhich a portionof the immediate
basinentersazonecharacterizedby a largernumberof preimages,asexplainedin
Section2. Thedisjoint portionsof

� �R¶ À � which areclearlyvisible in Fig. 3b are
rank-1preimages,locatedacrossC�D ) � , of the portion

� å of the immediatebasin
which crossedthecritical setat thebifurcation,andif someof these“islands” are,
at leastpartially, includedinsidea zone 6�7 with 8p�
; thenothersmallerislands
arepresent,which arerank-2preimagesof

� å , andsoon.

In order to study the contactwhich causessucha remarkablebasinbifurcation,
graphicalrepresentationsof

� ��¶ À � , togetherwith thecritical setsCED , aregivenin
Fig.4beforeandafterthecontactrespectively. Thevalueof theparametersatwhich
thecontactoccurs,aswell asthepointof thephasespacewherethecontactoccurs,
canbeeasilynumericallyboundedto the interval ­ �R;«0îÈ@°�´«.h;�0 Ö�� ���b.L�R;«0îÈ�È�.h;«0 Ö�� �v® for
equally increasing/decreasingvaluesof ª � and ª � ; ª�� equals;«0 Ö and ¬ ��$�0 ÿ Ö .
Moreover, thefact thata bifurcationis goingto occurcanbeanticipatedbecause,
if requiredby theuser, thecomputerprogramcalculatestheminimal distancebe-
tweena givenbasinboundaryandthecritical set CED , andthepointsof thebasin
boundarywheresuchadistanceis becomingsmallerandsmallercanbecoloredin
orderto emphasizewherethecontactis goingto occur. This enablesoneto realize
thata qualitative changeof thebasinsstructureis going to occureven if the con-
tactpoint is locatedbehind,andconsequentlytheusercaninteractively rotatethe
coordinateaxesin orderto understandmoreclearlythekind of contactbifurcation.

Really, thefew imagesgivenabovegiveaverypoorinformationaboutthemethod
usedto detectthe contactbifurcationby usingthe interactive graphicalprogram.
Indeed,thestudycanonly beperformedby theusageof animatedsequenceswith
the possibility of interactive rotationand transparency modulationof the objects
appearingon the screen,aswell asa properinteractive usageof cutting planes.
Furtherimages,andsomeanimatedsequences,canbefoundat thewebpagecor-
relatedto this work (see[1]).
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